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Problem 2.12

Find 〈x〉, 〈p〉, 〈x2〉, 〈p2〉, and 〈T 〉, for the nth stationary state of the harmonic oscillator, using the
method of Example 2.5. Check that the uncertainty principle is satisfied.

Solution

The promotion and demotion operators for the harmonic oscillator are defined as

â+ =
1√

2m~ω
(−ip̂+mωx̂)

â− =
1√

2m~ω
(ip̂+mωx̂).

Solve this system of equations for x̂ and p̂.

x̂ =

√
~

2mω
(â+ + â−)

p̂ = i

√
~mω
2

(â+ − â−)

Note that the energy of the nth eigenstate is

En =

(
n+

1

2

)
~ω.

As a result, the time-independent Schrödinger equation (TISE) becomes

~ω
(
â+â− +

1

2

)
ψ = Eψ ~ω

(
â−â+ −

1

2

)
ψ = Eψ

~ω
(
â+â− +

1

2

)
ψn =

(
n+

1

2

)
~ωψn ~ω

(
â−â+ −

1

2

)
ψn =

(
n+

1

2

)
~ωψn(

â+â− +
1

2

)
ψn =

(
n+

1

2

)
ψn

(
â−â+ −

1

2

)
ψn =

(
n+

1

2

)
ψn

â+â−ψn +
�
��

1

2
ψn = nψn +

�
��

1

2
ψn â−â+ψn −

1

2
ψn = nψn +

1

2
ψn

â+â−ψn = nψn â−â+ψn = (n+ 1)ψn.

Calculate the expectation value of x.

〈x〉 =
ˆ ∞
−∞

ψ∗n(x)(x̂)ψn(x) dx

=

ˆ ∞
−∞

ψ∗n(x)

[√
~

2mω
(â+ + â−)

]
ψn(x) dx

=

√
~

2mω

ˆ ∞
−∞

ψ∗n(x)[â+ψn(x) + â−ψn(x)] dx

=

√
~

2mω

ˆ ∞
−∞

ψ∗n(x)[An+1ψn+1(x) +An−1ψn−1(x)] dx
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〈x〉 =
√

~
2mω

[
An+1

ˆ ∞
−∞

ψ∗n(x)ψn+1(x) dx︸ ︷︷ ︸
= 0

+An−1

ˆ ∞
−∞

ψ∗n(x)ψn−1(x) dx︸ ︷︷ ︸
= 0

]

= 0

These last two integrals are zero because the eigenstates are orthonormal. Now calculate the
expectation value of x2.

〈x2〉 =
ˆ ∞
−∞

ψ∗n(x)(x̂)
2ψn(x) dx

=

ˆ ∞
−∞

ψ∗n(x)

[√
~

2mω
(â+ + â−)

]2
ψn(x) dx

=

ˆ ∞
−∞

ψ∗n(x)

[
~

2mω
(â+ + â−)

2

]
ψn(x) dx

=
~

2mω

ˆ ∞
−∞

ψ∗n(x)(â
2
+ + â+â− + â−â+ + â2−)ψn(x) dx

=
~

2mω

ˆ ∞
−∞

ψ∗n(x)[â
2
+ψn(x) + â+â−ψn(x) + â−â+ψn(x) + â2−ψn(x)] dx

=
~

2mω

ˆ ∞
−∞

ψ∗n(x)[An+2ψn+2(x) + nψn(x) + (n+ 1)ψn(x) +An−2ψn−2(x)] dx

=
~

2mω

[
An+2

ˆ ∞
−∞

ψ∗n(x)ψn+2(x) dx︸ ︷︷ ︸
= 0

+n

ˆ ∞
−∞

ψ∗n(x)ψn(x) dx︸ ︷︷ ︸
= 1

+ (n+ 1)

ˆ ∞
−∞

ψ∗n(x)ψn(x) dx︸ ︷︷ ︸
= 1

+An−2

ˆ ∞
−∞

ψ∗n(x)ψn−2(x) dx︸ ︷︷ ︸
= 0

]

=
~

2mω
[n+ (n+ 1)]

=
~

2mω
(2n+ 1)

Calculate the expectation value of p.

〈p〉 =
ˆ ∞
−∞

ψ∗n(x)(p̂)ψn(x) dx

=

ˆ ∞
−∞

ψ∗n(x)

[
i

√
~mω
2

(â+ − â−)

]
ψn(x) dx

= i

√
~mω
2

ˆ ∞
−∞

ψ∗n(x)[â+ψn(x)− â−ψn(x)] dx

= i

√
~mω
2

ˆ ∞
−∞

ψ∗n(x)[An+1ψn+1(x)−An−1ψn−1(x)] dx

= i

√
~mω
2

[
An+1

ˆ ∞
−∞

ψ∗n(x)ψn+1(x) dx︸ ︷︷ ︸
= 0

−An−1

ˆ ∞
−∞

ψ∗n(x)ψn−1(x) dx︸ ︷︷ ︸
= 0

]
= 0
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Calculate the expectation value of p2.

〈p2〉 =
ˆ ∞
−∞

ψ∗n(x)(p̂)
2ψn(x) dx

=

ˆ ∞
−∞

ψ∗n(x)

[
i

√
~mω
2

(â+ − â−)

]2
ψn(x) dx

=

ˆ ∞
−∞

ψ∗n(x)

[
−~mω

2
(â+ − â−)2

]
ψn(x) dx

= −~mω
2

ˆ ∞
−∞

ψ∗n(x)(â
2
+ − â+â− − â−â+ + â2−)ψn(x) dx

= −~mω
2

ˆ ∞
−∞

ψ∗n(x)
[
â2+ψn(x)− â+â−ψn(x)− â−â+ψn(x) + â2−ψn(x)

]
dx

= −~mω
2

ˆ ∞
−∞

ψ∗n(x) [An+2ψn+2(x)− nψn(x)− (n+ 1)ψn(x) +An−2ψn−2(x)] dx

= −~mω
2

[
An+2

ˆ ∞
−∞

ψ∗n(x)ψn+2(x) dx︸ ︷︷ ︸
= 0

−n
ˆ ∞
−∞

ψ∗n(x)ψn(x) dx︸ ︷︷ ︸
= 1

− (n+ 1)

ˆ ∞
−∞

ψ∗n(x)ψn(x) dx︸ ︷︷ ︸
= 1

+An−2

ˆ ∞
−∞

ψ∗n(x)ψn−2(x) dx︸ ︷︷ ︸
= 0

]

= −~mω
2

[−n− (n+ 1)]

=
~mω
2

(2n+ 1)

The standard deviation in x is

σx =
√
〈x2〉 − 〈x〉2 =

√
~

2mω
(2n+ 1),

and the standard deviation in p is

σp =
√
〈p2〉 − 〈p〉2 =

√
~mω
2

(2n+ 1).

Taking the product of these two,

σxσp =

√
~

2mω
(2n+ 1)

√
~mω
2

(2n+ 1) =
~
2
(2n+ 1),

we see that Heisenberg’s uncertainty principle (σxσp ≥ ~/2) is satisfied for the nth eigenstate.
Finally, the expectation values of the potential energy V and kinetic energy T are

〈V 〉 =
〈
1

2
mω2x2

〉
=

1

2
mω2〈x2〉 = 1

2
mω2

[
~

2mω
(2n+ 1)

]
=

~ω
4
(2n+ 1)

〈T 〉 =
〈
p2

2m

〉
=

1

2m
〈p2〉 = 1

2m

[
~mω
2

(2n+ 1)

]
=

~ω
4
(2n+ 1).

Note that 〈V 〉+ 〈T 〉 = En.
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