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Problem 2.12

Find (z), (p), (x2), (p?), and (T, for the nth stationary state of the harmonic oscillator, using the
method of Example 2.5. Check that the uncertainty principle is satisfied.

Solution

The promotion and demotion operators for the harmonic oscillator are defined as

= (—ip + mw)

(1p + mwz).

b=\ (@ + o)
T = a a_
2mw
~ hmw .
p=1 9 (ay —a-)

Note that the energy of the nth eigenstate is

1

As a result, the time-independent Schrédinger equation (TISE) becomes

m<a+a+;>w:Ew m(am—;)w:m
hw (a+a_ + ;) Wy = <n + ;) bty hw (a_a+ - ;) b = <n + ;) hewotdy,

(&4-&— + ;) = <n + ;) Yn (&_&+ - ;) Uy, = <n + ;) U,
d""&_w” +%: nn +% d—&-i-wn - %% = nyn + %wn

GGty = ny, G- Gythy = (n+ 1)y,

Calculate the expectation value of z.
@ = [ @) ds

:/_Zw:m[ "y +a)

() dx

2mw

e | i@ + v @) ds

= \/E/_Z ¢Z<$)[An+1wn+1 ($) + An—lwn—l(x)] dx
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=0 =0

=0

These last two integrals are zero because the eigenstates are orthonormal. Now calculate the
expectation value of z2.

-/ Z (@) (2) b () de
:/Z¢;(x) [\/E(mm_)
I

oo
_ 2mw/ V@) (@2 + drie + a_ds + 62 )n(z) da
—0o

2

U (x) dx

(ay + d)Q] () dx

h o'e]
— % / Vi (2)[a% n () + ara_thn () + a—aiin () + % by (z)) da

2mw / ¢n n+27/}n+2(x) + n"vbn(l‘) + (TL + 1)¢n(x) + An*ﬂ!}n*2(x)] dx

=5 [n+2/ Ui (@) Ynqo(x dm+n/ V(7)) dz

N~ ~~

=0 =1
L) / " @) (o) do A / U (@) hna(2) da
] =0
h
= 5[+ (n+1)
= 2777;) (2n+1)

Calculate the expectation value of p.

~ [ @@ ds
- [ it Nmm—a >] Un(a) do
N | bi@astn(o) - @) do
N | @ Ai16011(0) — Aerna @) do
=W[ vt [ @@ de Ay [ di@hina@)da] =0

=0 =0
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Calculate the expectation value of p?.

/ W1 (@) (0)2n () de
/ Wi [ hm“’ —a_>rwn<x>da:
[h

3= a2 i) do

— hmw/ i (x) (a2 — apa_ — a—ay + a2 )y (z) do

ﬁ
e / Ui(@) [02060(@) — s n(@) — iy Ya(@) + 2 Yo(2)] do

_ ,hm?w /_OO V() [Apsotbnya(@) — m(2) — (n+ 1)t (2) + Ap_othp_o(x)] da
:_hmw[ n+2/ U (2)nso(z) do n/ Y (2)Pn(z) dz
) [ i@ et [ v o
> 5
= 1)
- m;“"(zn +1)

The standard deviation in x is

0r = B @l =y g (en 1),

and the standard deviation in p is

% h
mw n+1).
Taking the product of these two,

h hmw h

we see that Heisenberg’s uncertainty principle (0,0, > h/2) is satisfied for the nth eigenstate.
Finally, the expectation values of the potential energy V' and kinetic energy T are

(V)= <;mw2~”ﬂ2> = %mw2<m2> = %mwQ [2:;0(271 + 1)] = %(m +1)
(T) = <2p;> = %(zﬂ = % {hrgw(%Jr 1)] = %(Qn—i— 1).

Note that (V) 4+ (T") = E,,.
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